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Abstract 


We investigate the algebraic curve for string in Sch; x 95. We compute the semiclassical 
spectrum for BMN string in Schs x S° from the algebraic curve. We compare our results with the 
anomalous dimensions in sl(2) sector of the null dipole deformation of M = 4 super Yang-Mills 
theory. 


1 Introduction 


Spectrum of superstrings in AdSs x S5 is related to the spectrum of scaling dimensions in planar 
N = 4 supersymmetric Yang-Mills theory via the AdS/CFT duality [H3]. Integrability on both sides 
of the duality helps us dramatically finding and understanding the AdS/CFT spectrum (For a big 
review, see [4]). In the M = 4 supersymmetric Yang-Mills theory, the planar anomalous dimension 
matrix of infinitely long composite operators corresponds to Hamiltonian of integrable spin chain [5]. 
This implies that the spectrum can be solved efficiently by the Bethe ansatz. 

On the string side, classical integrability of superstrings in AdS; x S° follows from the existence of 
an infinite number of conserved charges [6] generated by the monodromy matrix of the Lax connection. 
Algebraic curve for classical solution of superstring in AdSs x S° [7 can be obtained from the Lax 
connection. It plays an important role in studying the semiclassical strings in AdS; x S°. 

In recent years, much attention has been enjoyed by the integrable deformations of AdS/CFT. 
One intriguing example is the Schrödinger spacetime [12}{14]. Schrödinger spacetime can be obtained 
from AdS background by an appropriate TsT (T-duality-shift-T-duality) transformation or null 
Melvin twist and has been shown to be classically integrable [16}{18]. String theories in Schrödinger 
spacetime is dual to null dipole deformed field theories (see also [20}{22]). It is interesting to study 
the spectrum on both sides of the Schrédinger/dipole CFT duality with the methods of integrability. 

Integrability in null dipole deformed M = 4 super Yang-Mills was discussed in detail in [23]. The 
dipole deformation can be described as a Jordan cell Drinfeld-Reshetikhin twist in the spin 
chain picture. The traditional Bethe ansatz is inapplicable due to the absence of a vacuum state. One- 
loop spectrum of the nontrivial twisted s/(2) sector was instead obtained from the Baxter equation. In 
the large J limit, the anomalous dimension of the ground state perfectly matches the classical energy 
of the BMN string at order J. 

The purpose of this paper is to study the Schrédinger/dipole CFT duality by comparing semi- 
classical spectrum around classical string solutions to anomalous dimension of operators in the s/(2) 
sector at order J~? in the large J limit. One reason to study the order J~? terms is that in the well 
studied AdS;/CFT 4 correspondence, the gauge theory and string results match at order J~? in the 
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BMN limit 26]. One can expect that the null dipole deformation preserves this matching. Another 
reason is that at order J7? we should consider one-loop quantum string theory corrections to the 
string energy, while the previous test at order J~! involve purely bosonic classical string energies. 
We compute fluctuation energies of the excitations and the one-loop shift of the ground sate energy 
from algebraic curve. We show that semiclassical spectrum around the BMN string solution perfectly 
matches the spin chain prediction. 

This paper is organized as follows. In section 2 we discuss the Sch; x $° background and TsT 
transformation in detail. We discuss the algebraic curve for strings in this background and obtain the 
quasi-momenta for the BMN string. In section 3, we review the algebraic curve method for computing 
the fluctuation energies around classical string solutions. Then we compute the semiclassical spectrum 
for the BMN strings. In section 4, we compare string theory results obtained in section 3 with the 
1-loop spectrum in the sl(2) sector of the null dipole deformation of M = 4 super Yang-Mills theory. 


2 Algebraic curve for strings in Sch; x S° 


2.1 Schs x S° from TsT transformation 


Schrödinger spacetime can be constructed by applying a TsT transformations to the AdS background 
TAMI]. In this paper we are interested in a particular case of Schs x $° obtained by acting a TsT 
transformation on AdSs x S° p. We begin with the AdSs5 x S5 solution of type IIB supergravity 


a = RP? Cn ae + (db+ A? + dst . (2.1) 
dSi.p2 = défi +s sin? $? (cos $7 (dO, + cos ¢2d62)” + db? + sin? d2d63), (2:2) 
A = "e $1(d0, + cos ¢2d62). (2.3) 
The five-form field strength is given by 
F; = 4R'(——det A dz” A^ dx! A dx? A dz + vol(S°)). (2.4) 


We perform a TsT transformation to this geometry. We make a first T-duality along w, followed a shift 
x” — x” — pw, and then apply a second T-duality along w coordinate. After this TsT transformation, 
the solution reads 


p (-1? (dat)? F —2dxt d7 + (dx!)? + (dz?)? + dz? 
4 


ds? = 3 
z 


+ (dy + A)? + dsa ) , (2.5) 


By = uR?(db+A)A — (2.6) 


The five-form Fs is invariant under the transformation. The TsT translation preserves the symmetries 
that commute with J and P_. The symmetries of SO(4,2) that commute with P_ generate the 
Schrödinger group. The Schrodinger group contains Galilean group as a subgroup and has two more 
generators corresponding to a non-relativistic scale transformation D + M4- and a special conformal 
transformation K_. The energy of the string is defined as the global charge associated with the 
symmetry (Ê, +É )/V2 which is related to the non-relativistic scale transformation D + M4- 
by a similarity transformation. Holography enable one to compute the non-relativistic conformal 


dimensions of operators at strong coupling as the energies of strings. 


1A more general class of Schrödinger deformations of AdSs x Xs has been studied in 27]. 


201711.02261v1 


chinaXiv 


The relations between the original and dual coordinates are 


-drt 
dp = dŷ + sui, (2.7) 
= = ~ dxt 

dx = dx +xyu(dw + xy = + A). (2.8) 


We consider the closed strings on the deformed background. The dual coordinates satisfy periodic 
boundary conditions. The original coordinates have the following twisted boundary conditions 


x (2r) — x~ (0) = LJ, (2.9) 
w(2n) — yY (0) = 2rmı — LP, m EZ, (2.10) 


where L = 2ru/ VÀ is the deformation parameter in the dual field theory and 


27 
J= a do(0,v + A+), (2.11) 
2T 0 
Vr 2T —ô, xt 
P_ = pA 5 do z2 ; (2.12) 


are global charges associated with symmetries J and P_, and VÀ = R? /a’ is the square root of ’t 
Hooft coupling. 


2.2 Flat connection 


Integrability of the string sigma model is preserved by TsT transformation, so strings in Schrödinger 
spacetime is integrable (see also [28}42]). 

We now construct the Lax connection for IIB superstring in Sch; x S°. The type IIB superstring in 
AdS; x S° can be described by the a sigma-model in supercoset space of the super group SU (2, 2|4) over 
SO(4,1) x SO(5) [43]. To describe strings in Poincaré coordinates, we choose the coset representative 
as 

g(x”, z, Y, 0i, di, O) = Bat", z, Y, bi, i)e ©), (2.13) 


with 


B(at, zW, ĝi, di) = eist Py bia P_+ia!P; bin? Ês o ilog(2)D eiv) B, (0i, di); (2.14) 


and © represents the fermionic coordinates. We use a matrix representation such that 


000 y2 00 0 0 
. Cya ¢ ly . 00 V2 0 i 
Ê =| 000 0 ‘4 | Ê=| 00 0 0|] ® |, 
000 0 00 0 0 (2.15) 
04x4 04x4 04x4 04x4 
R j x 4 
D= 5diag(1, 1, —1, —1|0,0,0,0), Ê = Sdiag(1, 1, 1, -310, 0, 0,0). 
The current associated with g can be defined as 
J = —g tdg =e" Jpe* — eë de® = Ig + Ir, (2.16) 
where 
Jg = —-BdB= —<del Ê, + “~dzD — idpBy JB, — BĮ 'dBı (2.17) 
z 
sinh M sinh? M /2 
= VF +2F, —— EVF], 2.18 
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with 
V: := d : +|JB,:], M?. = Le |F, ‘lle (2.19) 
The Lie superalgebra su(2, 2/4) has a Z4 grading structure associated with a Z4 automorphism 2. 
The automorphism Q in this matrix representation is defined by 


0-1 0 ojo 0 0 0 

1 0 0 olo 0 0 0 

0 0 0 1/0 0 0 0 

7 roe |o 0 -1 0/0 0 0 0 
Q(M)=-KM*K, K=|-- 5 o olo r5 0 (2.20) 

0 0 0 Of1 0 0 0 

0 0 0 0/0 0 0 =-1 

0 0 0 0/0 0 1 0 


We can decompose the current J into 
F=IO4 IV 4 JP 4 I, (2.21) 


where 0(7) = i” J. Then the equation of motion of string in AdS; x S° is equivalent to the 
conservation of the Noether current 


1 1 
dxk=0, k= g(J-TIV4 JO) gh. (2.22) 
Lax connection L(x) for the superstring in AdS; x S° has been derived in [6] 
2 
+1 22 z+1 x-1 
L= 704? C _ (2) aw a) 2—76), 29 
“i ta r + amc + wa (2.23) 
If the current satisfies the equation of motion, the Lax connection is flat 
d£-LAL=0. (2.24) 
Using this flat connection, one can define the monodromy matrix 
27 
T(x) = Pexp( doLl,(x)). (2.25) 
0 


The eigenvalues of T(x) do not depend on 7 and generate an infinite number of conserved quantities. 
The current components Ja do not have an explicit dependence on x7 and Y. Then the Lax connection 
L in the undeformed case can be used to derive a Lax connection and thus quasi-momenta for strings 
in Schs x S° background. 

The quasi-momenta p;(a) are functions defined from the eigenvalues {e?‘|e?'} of the monodromy 
matrix T(x). They are generating functions of conserved physical quantities. For instance, we can 
read the conserved global charges from the behavior at large x. Large x asymptotic properties of the 
quasi-momenta for strings with twisted boundary condition are more complex than those for close 
strings. Below we analysis the asymptotic behavior of the quasi-momenta. 

At x > oo, the expansion of the Lax connection is 


z 2o 1 
L = -g 'dg — z9 1x kg+ Olz) (2.26) 


Expanding the monodromy matrix, we get 


T =g(7,0)T9(7,0)~+ 


2 

=g(T,0)g(T, Qn)" (1 —— 
T Jo 

l n . 2 27 1 
—pil(P_J-JP_) (1 = F dok» + o) 

x Jo x 


4 


20 


1 
dok, + o) (2.27) 
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In our representation, it takes the form 


00 0 -iV2LJ 
; 000 0 i i i 
T=| 000 0 o +—-Q+0(5), (2.28) 
000 0 Ag F 
04x4 exp(4LP_diag (1,1,1, —3)) 
where Q satisfies Qj; = —2ri/2P_. Behavior of the quasi-momenta at x > oo reads 
TLIP_ 
pi Ds O(1) 
po 0 A+S 
P3 0 -A +5 
pa =9 tL J P_ QT O(1) O 92 
a |= <= | E i 2.29 
Pı TP + Az | +i t+ Jo —-J3 ee ee) 
~ a = 
p2 Ipp +J — J2 + J3 
: ee 
P3 Ipp -J, + J2 + J3 
D Pas -Jı — J2 — J3 
m = DP- 


The quasi-momenta p, and p4 are connected by a square root cut which has a branch point at infinity. 
The quasi-momenta satisfy 


f datita- A- e- A- =0, (2.30) 
OO 
so we still have the constraint between length and filling fractions (see [9] [11]). 


2.3 BMN string 


We now exemplify the discussion above with BMN string solution in Schs x S° presented in 


&=0=227=2'=0, p=pmotwr, 


4 _ tan(KT) _ m « tan(KT) 
2 = , © = wo + ———, 
Va i i (2.31) 
K 
z= sec(KT 
Jim (Kr) 
Virasoro constraint gives 
Pm- r +w? =0. (2.32) 


The conserved global charges are 
A=VAn, P.=-M=-Vim, J= vw, (2:33) 


where we denote A as the global energy of the string. Then the classical energy of the BMN string is 
given by 
J? + p? M?. (2.34) 
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The quasi-momenta of the BMN string are 


n Js 2rkry 1 — xsin2y 


Pi = -p4 = 72] , 


. . 2nky/rtvyz — sin 27 
a a a ae ’ 
. _ mw(2x — (1+ 27) tan) 
o x? —1 i 
rw(2x — (1+ 27) tan y) 

x? —1 ? 

_ _ Tw(2x + (—3 + x”) tan 7) 
x2 —1 ? 
mw(2x + (1 — 3a7) tan y) 
E xr? —1 i 


(2.35) 


with 
T 4n vV AJLM ; VALM 
=O n = m 
Sn ay = JF ALM? PIS g 


We find an expected square root cut [csc 2y, 00] connecting p and p4. 


(2.36) 


3 Semi-classical quantization of the BMN string 


A powerful method for computing the semiclassical spectrum around string solutions is proposed 
in [44]. Here we begin with a review of this method for the reader’s convenience. 
The semiclassical spectrum around the BMN string is given by 


A = Aa + A1—loop + oA, (3.1) 


where Aa + Aj_joop is the ground state energy, and 6A is the energy of the excitations. To compute 
dA, we add a perturbation dp(x) to p(x) associated with the classical solution. The perturbation p(x) 
has a single pole at £n. The position x, is determined by 


pilah) — pj(ay) = 2mn. (3.2) 
The residues at the poles are 
TOS, gii Op, = (ik — djn)a(c¥ NY, TCS, _ pid ôDk = (jk — Jip a(x NY, (3.3) 


where i < j and NY is the excitation number for excitation with polarizations (ij) and mode number 
n and the function a(x) is defined as 


An r? 
= — 3.4 
ala) = a (3.4) 
the residues at x = +1 are synchronized as 
a a e a a a 1 
6{P1, P2, P3, Pa|P1, P2, 3, Pat = Ete ed se fe) ja Q Ê , b. EF ane (3.5) 
For each cut C connecting p;(x) and p;(x) the perturbation dp(z) satisfies 
Op; — 6p; =0, aE c’, (3.6) 


where the superscript + denotes above and below the cut. 
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The poles result in an energy shift 


A= > NOG), (3.7) 


n,t7 


where 2” are the off-shell fluctuation energies. 
The asymptotic behaviour of the perturbation dp(x) is 


dpi = O(a"), öfa = O(a), (3.8) 
Špa +45A +N S AN” 4 N% gN 
Ops 16A N23 — N13 — NB — N23 
Opy E 4r N! N1 N13 N! y% o( -2) 3 9) 
Spo | Viz N23 — N24 — N23 — yí ane 
ôP 4Ni8 4 38 4 NĪ 4 y3 
Opa 4 Nid 4 N34 4 Nid N34 


The order O(a! 2) terms in the 6p; and ôf; are determined by the constraint (2.30) . Since the classical 
solution already obey the constraint (2.30), one can show these filling fractions N; satisfy 


Sonny = 0. (3.10) 


nij 


using Riemann bilinear identity (see eqs. 3.38 and 3.44 in [T]). 

We now determine the most general form of the perturbation ôp(x) for the BMN string. When 
small poles are added to 6f2(x) with a square root cut, the branch point will be slightly displaced 
so ô2(x) behave like 0,,.\/% — zo ~ 1/y/x — Zo near the branch point zo = sin 2y. The most general 
form for 6p2(x) is f(x)+g(x)/K (x) where f and g are rational functions of x and K(x) = yzvyz = Xo. 
From and inversion symmetry we get 


-11/2) - RA 


50 
a g(z) 

Opa | _ F(a) + Ray (3.11) 
7 fe) - ke 

Pa —f(1/x) + aoe 


One can obtained all other off-shell fluctuation energies from the knowledge of 23 and 23 alone 
using the efficient method provided in [45]. From inversion symmetry we have 


ay) =-OF 1 /y) +9%0), Oy) =-07(1/y) - 2. (3.12) 
the quasi-momenta for BMN string in Schs x S° are pairwise symmetric up to constant terms: 


Pi=—ps, po = —Ds, (3.13) 
pi =—pat2reKsiny, po = —p3 — 2rk sin y. (3.14) 


So the off-shell fluctuation energies satisfies 


where 


(i, 5,1,2,3,4,3,4) = (4,3, 4,3, 4, 1,3, Í). (3.16) 
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3.1 Fluctuation energies of excitations 


We first consider the excitation 23. We have õp; = 0, for i = 1,2,3,4, and therefore f(x) = 0. We 


take the following ansatz 


ocr )K (PNE 2m. AT yis 
glz) >, x — x28 VA Vr 3 
Large x asymptotic of 6p, gives ee ae a 
SA = SNF O a; 


2 — 2g? + IK (x) 


la) = H, 


and the level matching condition 7 
Dawe = 
n 
We next consider the S3 excitation 23. We start with the following ansatz 


aiK(1) @K(-1) | 20 
x-1 ctl VA 


o r23 N, 
Op2 = —dp3 = — oe ear a on 


g(x) = 


Large x asymptotic of 6p; and dp, give 


53,531 
arta = Dalen) Nn a5 
n (27°) 
53, 55 1 
ay — a2 = X ala? Na ae 
n Th 


Large x asymptotic of ôpı give 


2 2 
—a,K(1) +a9K(-1) + jh —qa (cos y — sin y) — a2(cos y + sin y) + T GASD, 


vÀ vA 


The filling fractions satisfy o 
Lon = 
n 


we can solve these equations and obtain 


ja = DNAD, 


where j jae 
o(a) _ 2608 is x sin 1 
xł— 1 


(3.17) 


(3.18) 


(3.19) 


(3.20) 


(3.21) 


(3.22) 


(3.23) 


(3.24) 


(3.25) 


(3.26) 


(3.27) 


(3.28) 
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Finally using (8.12) and (8.15) we find all the off-shell fluctuation energies 


05( 2 — 2x? + 2x,/z,/z — sin 2y 
o oaa e S 


r2 —] ’ 
ij 2/T—2sm2y 
14 _ 
ane = 
O(a) = oq) = Hevaan + VISE 
23 14 13 54 oe — 2x sin (3.29) 
08 (a) = Ma) = Afa) = P(g) = 287 Pasig, 
MH = 
23 53 54 ží 1 a ee — 
O(a) = (a) = Pia) = ifa) = Peed esing eave 
E — 
(a) = (a) = (a) = a) = SE 
OG = 


We now solve the pole position £n. We choose the solution |£n| > 1 for small LM to be physical poles. 
We have 


ai 2 ia 2V L2M2x-2 +n? —2LMr! 
23 14 
a3 = —J+0 (1), cif = SS A ULULO), 
D (1) Tint (1) 
av An2 
Ce y TJ? + rAn(an — LM) + vee id _ 24 Vand? + An(LM + rn) + R 
= ý Vivxn a ” VA(LM + rn) 
33 13 160227 + A( LM — Aan)? + 40 J 
In = Ly = omnes? 
VA(LM + 4rn) 
3 \/ 1672. J? + A\(3LM — 4rn)? +47J pie / 16r? J2 + A(LM + 4rn)? + 4nJ (3.30) 
Á VAl4rn — LM) BE VA(3LM + 4rn) 
(LM + 4nn) ( 1672 J2 + \(3LM + 4nny2 + 4nJ) 
Soo 
ú VX(3LM + 4rn)? 
a (4nn—3LM) ( 167232 + (LM — frn)? + 4rJ) 
x, = ——.—_— SX _ 
” VA(LM — 4rn)? 
a qa (fm-LM) ( 1672J2 + A(LM + Ann)? + 4nJ) 
T = T, ee ee 
_ VA(LM + 4nn)? 


The exact expressions of xd are very complex, so we only consider the leading order terms in the large 
J expansion. When LM # 0, a finite number of xli (xt4) will enter the cut connecting fı and py and 


i i 
become xx (x). 


Pluging £n into the off-shell fluctuation energies, in the large J limit we get the on-shell fluctuation 
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frequencies 


Men) = nT? +O(J-%), 
Wet) = aR a 15 OU), 
O° (x13) _ (74 (4) _ ue +0 (J-3) l 
ai) = oai) = AEA 9 (3-8), 
0 (079) = a) = A eee 
Pu = SS ey. 
ee y= ——— E oes, 
oan) ~ oS +0(J-*), 

24 (4,24 14/,,14 2 
eR!) = OMe) = a HO). 


Then we obtained the energy shift dA given by B7). 


3.2 One-loop shift 


+0O(J~*), 


(3.31) 


The one loop shift is equal to one half of the graded sum of all fluctuation mode frequencies. Using 


zeta function regularization, we have 


So (n+)? + pn) = + ¢(-2,1 +q) + ¢(-2,1-¢) =0. 


neZ 


(3.32) 


Therefore when we compute the one loop shift energy at order J~, only the contribution from QI is 
nontrivial. Then we sum over the energies of the sl(2) modes to get the one-loop shift: 


1 se wee 
AG tsps = = OM (az!) 


2 nEZ 
_ - 02 a 22k 2k 72k 2k) 2 +0(J> 
— 3 (1) cen 7 2)? 17) Ay IOU“ 
= (= sak = a +0 (L8M*)) 


5 +0 (J7). 


) 


°) 


(3.33) 


4 Comparison between the string and the gauge theory results 


Comparison between the results obtained in the gauge theory and string theory is possible in the large 
spin regime with J — oo and \/J? kept fixed and small (see e.g. [26)/46}48]). Type IIB superstring 


10 
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in Schs x Ss is dual to null dipole deformed M = 4 super Yang-Mills. The sl(2) sector nontrivially 
affected by the deformation has been studied in [23]. The one-loop spectrum of the sl(2) sector can 
be obtained by Baxter equation. It is proposed in [23] that the Baxter equation takes the same form 
as in the undeformed case 


t(u)Q(u) = (u + i/2)7Q(u + i) + (u— t/2)7Q(u — îi), (4.1) 


and 
t(u) = 2u ELM +... (4.2) 


The 1-loop energy is given by 


; 19 
AQ) = iy log Cn) 
81? Q(u — i/2) 
We now solve the Baxter equation in the expansion in LM. At each order in LM, the Q-function 
is simply a polynomial. We write the ansatz 


(4.3) 


u=0 


Qlu) =~ Prm(u) LEM", (4.4) 
k=0 


where Prim is a polynomial in u of degree k+m. The small LM expansion of Q can be interpreted as 
a function with a finite number of zeros near the Bethe roots in the undeformed limit and an infinite 
number of zeros of order L~'M~!. In the string picture the zeros of order L~!M~! correspond to the 
cut connecting p, and p4. 

Substituting the above ansatz into the Baxter equation, we can determine Q(u) up to multiplication 
by a function in LM. We consider the following two solutions: 


Ju? 
= 1 — LMu + PM? ——— +O (L? M? "a 
a aa aay TOM): (4.5) 
LM (-2Ju? + 2Ju2 + 4u2 +1 
Qı = (u — Un) + LM (—2Ju? + 2Jun + un +1) 
2(J + 2) 
1 
Pe —— ~ (Jiu? + unu? eee + a? — 9u? — un 
= I+ DT +3) (u? + unu’ — 2un) + 2J? (2u" + 3unu” — Iun — Un) 
+ J? (4u? + 12unu? — 60u3 — Llun) — 22J (4u3 + un) — 12 (4u3 + un)) + O (L’ M?) , (4.6) 
(4.7) 
with ; 
TN 
Un = 5 cot (=) : (4.8) 


In the undeformed case, Qo and Q correspond to the ground state and one particle state respectively. 
Although not shown here, we have computed Qo and Qı to L4M* order. Then the energies of the 


11 
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ground state and one particle state are 


AL? M? ALM‘ 
AW — _ L°>M° 4.9 
© 8r2(J +1)  96n2(J + 1)? TOL ), (49) 
(1) 2ALM un 


OV “a? ak +1) * T+ 2) ud +1) 
AL? M? (4(J(J(J + 10) + 20) + 24)u2 + (J — 6)(J + 2)?) 

7 UPU 

348 J3ud + A(J +2)? (J (4J + 7) + 12)tn 
3n? (J + 2)°(J +3)(J + 4) (4u2 + 1) 
caus F cuz + Gü 
96x? (J + 2)"(J +3) (J + 4)(J +5) (4u2 + 1) 
c4 =96 J? (J° +36J* — 92J? — 1808 J? — 4656 J — 2880) , 
ca =4(J + 2)? (JS ey" 44057" + 2474J? + 4520J4 + 12304J” 
+ 35568 J? + 33696 J + 17280), 

co =(J + 2)*(J + 4) (J? + 6J* — 211J? — 7387? — 756J — 1080) . 


— ALM 


— AL4M* +O(L°M?), (4.10) 


In large J limit, we get 


a) _ AL?M? AL?M? ALM’ 5475 = 

~ TA paT TONM 4.11 
a 8x2 8x2 J? pana ge + OC DFO”), (4.11) 
W MEM? On? AMn ALM? ALAM (+e) 6 SM) O). (42 
a "ger ae qe eee 96.J2 (min?) +O( ))+O(F™). (4.12) 


Assuming that the interaction between particles can be neglected in the large J limit as in the unde- 
formed case, the energy of an excited state above ground state energy is 
n? ALP Me ALA M* 


1 À > 
AY) Au) = ò Nali + sy - oom + O (I M®)) 4 OO y, (4.13) 
= 2J An? J 16 (at J?n?) 


where Np is excitation number for mode number n, and we assume that the total momentum is zero. 
To compare the spectral curve result with the spin chain result, we expand Q'(z1*) for small LM 

and obtain the energy shift of the sl(2) sector 

ig ii,_i4 ia An? ALM? AL M* 

A=) NPH (l) = NONG + L oM MM HO SM5) OlT). (4.14 


n 


where we have used the level matching condition. The result agrees with (4.13). 
The energy of the spin chain ground state to order L°M® has been computed in 


a) A LM? L*M* r L°M°(J? + J +2) 
0 4n252(F +1) 24(741)2 © 720(7 + 1)3(7 + 2) 
AL? M? AL?M? ALM’ ALËM® 


8r2J = 812 9672 m 288072 


+O (L5M°)), 
(4.15) 


+0 (18M) +0 (J), 


The order J~! term matches the classical quantity Aq — J, and the order J~? terms perfectly match 
the one-loop shift A1—loop given in (8.33). 
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5 Conclusion and discussion 


In this paper we study the algebraic curve for superstring in Schs x S% and its application to the 
spectral problem. The asymptotic properties of the quasi-momenta for strings in Sch; x S5 are 
nontrivial. The point at infinity is a branch point of a cut connecting two Riemann sheets. We 
compute the semiclassical spectrum of the BMN string. Remarkably, we show that in the large J limit 
the string results match the gauge field results obtained by Baxter equation. We provide a detailed 
test of the Schrédinger/dipole CFT duality. 

Our results encourage further exploration of integrability in Schrédinger/dipole CFT duality. It 
would be nice to derive the full quantum spectral curve of null dipole deformed M = 4 super Yang-Mills 
theory, because the quasi-momenta are related to the quantum spectral curve in the strong coupling 
limit. It is also worth trying to obtain higher-order corrections on the field theory side to get a precise 
match with string theory predictions. One can also study the three dimensional counterpart of Schs, 
the warped AdS3. We hope that integrability would be a powerful tool for the spectral problem of 
warped AdS3/dipole CFT duality [49]. 
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